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Abstract 



We reconsider the analysis done by Kazama and Yokoi in 'arXiv:0801.1561' (hep-th). 
We find that although the right vacuum of the theory is the one associated to massless 
normal ordering (MNO), phase space normal ordering (PNO) plays crucial role in the 
analysis in the following way. While defining the quantum energy-momentum (EM) tensor 
one needs to take into account the field redefinition relating the space-time field and the 
corresponding world-sheet coupling. We argue that for a simple off-shell ansatz for the 
background this field redefinition can be taken to be identity if the interaction term 
is ordered according to PNO. This definition reproduces the correct physical spectrum 
when the background is on-shell. We further show that the right way to extract the 
effective equation of motion from the Virasoro anomaly is to first order the anomaly 
terms according to PNO at a finite regularization parameter e and then take the e — > 
limit. This prescription fixes an ambiguity in taking the limit for certain bosonic and 
fermionic contributions to the Virasoro anomaly and is the natural one to consider given 
the above definition of the EM tensor. 
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1 Introduction 

Green-Schwarz superstring is usually quantized in light-cone gauge pj, in which case the 
world-sheet theory does not have conformal invariance. This invariance can however be 
preserved in semi-light-cone gauge [2l[3lll], where the ^-symmetry is fixed along with the 
conformal gauge for the bosonic part. A BRST method for this gauge was discussed by 
Berkovits and Marchioro in |4| for fiat background. More recently the same approach was 
considered in [5] by Kazama and Yokoi (KY) to study type IIB string theory in R-R plane- 
wave background P, [71 IB]. The main motivation was to establish conformal invariance of 
the theorjo. Here we reconsider their analysis to understand certain puzzling issues that 
will be explained as we go on. 

Unlike in light-cone gauge [Zl [8], in this case the world-sheet theory is interacting 
which makes the standard canonical quantization difficult [5]| (see also [H]). However, a 

^See [9] for other CFT approaches for this background. More general R-R pp-waves have been discussed 
in [10]. 
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phase-space (operator) method was used by KY to compute the Virasoro algebra. Since 
such a computation involves calculating only equal-time commutators, it can in principle 
be done without solving for time-evolution once all the operators are expressed in terms 
of the phase-space modes ^. However, one needs to choose a normal ordering prescription. 
The prescription that gives the right theory for flat background has been called massless 
normal ordering (MNO). In [5] the following result was shown for R-R plane- wave: 

// the theory is defined with MNO, then the Virasoro algebra is not satisfied due 
to non-zero anomalous terms. However, this anomaly vanishes if the theory is 
defined with a different prescription called phase-space normal ordering (PNO). 

(1.1) 

It was therefore concluded that PNO is the right choice for R-R plane-wave. 

In a previous work [12] we pointed out that such a result is very surprising from the 
point of view of the universality property of pp- waves as discussed in [13]. Because of this 
property one expects that the vacuum of the world-sheet theory in a pp-wave background 
should correspond to the same normal ordering prescription as in flat background. To 
understand this in a simpler setting we considered the simplest class of off-shell pp-waves 
in bosonic string theory where only the lower -|--|- component of the metric is switched 
on. By defining the theory with MNO it was shown that the Virasoro algebra is satisfied 
and the correct physical spectrum is reproduced when the background is on-shell. 

In this work we address the similar issues in the original context of R-R plane-wave. 
To this end we consider the same off-shell metric as above along with a constant five-form 
R-R flux. Because of the flux the effective equation of motion for the background becomes 
slightly more complicated. This makes the results of [12] partially invalid for the present 
case in the following sense. Although it is still true that the right vacuum of the theory 
is the one associated to MNO as expected, definition of the quantum energy-momentum 
(EM) tensor needs to be modified. Such a modification does not affect the analysis of 
|12j . but it does in the present case where a flux is turned on. Moreover, extracting the 
efefve e,uat,o,> of ,„ot,o,|i fro,„ the V.asoro auomalv becomes more subtle. Below we 
will discuss these two issues in further detail. 



^The equal-time commutators/anti-commutators of the full set of phase-space modes leads to an 
algebraic structure that can be used to define a Hilbert space and is same in both the flat background 
and the R-R plane- wave. 

■^See [m [TBI [151 [17] for a partial list of original references on this subject. 
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We discuss the definition of tlie quantum EM tensor in section [2l According to tliis 
definition the free part is ordered according to MNO, but the interaction part according to 
PNO. The reason for this definition can be understood as follows. The fields appearing in 
the space-time effective theory and the corresponding world-sheet couplings are in general 
related by field redefinition. We argue that for the restricted off-shell ansatz considered 
here this field redefinition can be taken to be identity if the interaction term is ordered 
according to PNO. One is free to order this term according to MNO as well, but in that 
case a non-trivial field redefinition needs to be considered. We show in subsection 12.21 
that with this definition the correct physical spectrum is reproduced for the on-shell R-R 
plane- wave. 

We discuss the computation of Virasoro anomaly in section [31 There are three anomaly 
terms denoted by A^{cr,a'), A^{cr,a') and ^(a, cr') resulting from the equal-time com- 
mutators [T(cr), T(cr')], [T(cr), T(cr')] and [T(cr), T(cr')] respectively. Here a is the world- 
sheet space coordinatcl and T(a) and T{a) are the right and left moving EM tensor com- 
ponents respectively. In the present method of computation each of the above anomaly 
terms receives contribution from an infinite number of phase-space modes and the actual 
computation is done in a regularized theory with a finite cutoff e. We show that certain 
bosonic and fermionic contributions to the anomaly terms develop an ambiguity when 
we take the e ^ limit. This ambiguity is related to whether we order the operators 
according to MNO or PNO at a finite cutoff. It turns out that the correct equation of 
motion emerges in a satisfactory manner if we order the terms according to PNO before 
taking the limit. This is also required by the definition of EM tensor discussed above. 

It is important to note that consideration of PNO as discussed above is not related 
to the choice of vacuum. Although the interaction term in the EM tensor is ordered 
according to PNO, the correct spectrum is reproduced when we define the vacuum to 
be the one associated to MNO. In fact the spectrum contains negative dimensions, as 
expected [I2], if we choose the PNO-vacuum instead (see appendix [E]). In the context of 
Virasoro algebra let us consider the fermionic contribution to the Virasoro anomaly. It 
can be shown using an alternative argument, which does not require us to order the terms 
in any particular way, that the result is same as obtained in PNO-prescription even in the 
MNO-vacuum. 



^Throughout the paper we wiU suppress the world-sheet time coordinate r in the arguments. All our 
analysis are understood to be done at the same r. 
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We conclude in section H] and keep some technical details in various appendices. Some 
of the technical results described here were already known in [5]. However, our analysis 
and interpretations are very different. 

2 Energy-momentum tensor 
2.1 Definition and field redefinition 

The relevant details of the semi-light-cone quantization and the regularization procedure 
have been described in appendix |X] and [B] respectively from where we will borrow various 
notations for the discussion to follow. We define the EM tensor in the usual manner: 
Tab = ~^^7jJ^- '^^^ right and left moving components are given by: T = \{Tqq — Tqi) 
and T = \{Tqq + Tqi) respectively. The quantum operators are given by the following 
expressions: 

r = r(°) + , f = t(°) + 5T , (2.2) 
where the free parts relevant to the flat background are given by [4] (see also [3J)@, 

r(°) = :Qn.n-^(59.5) + e5^inn+):+i, 

= ■.i^^I[.Il+'-iSdJ)+^dl\nIl+y.+l, (2.3) 

where : : refers to MNO. The last terms inside the round brackets arise from non- 
covariant gauge fixing. The normal ordering constant 1 and ^ = ~| have been fixed 
in appendix [C] from the condition that T^^^ and T^^^ satisfy the standard form of the 
Virasoro algebra with central charge 26. This cancels with —26 coming from the {b, c) 
ghost system which turns out to be the only propagating ghost degrees of freedom. The 
interaction part is given by: 6T = 6Tb + STp where, 

STb = -lx'K{X), 6r^ = xiS^S) , (2.4) 

where x((t) = ^n+n+(a), S = ^^234 ^^^^ 

K{x) = -/i^f^ . (2.5) 
^We will use the notations: A.B = ■q^^A'^B" and A.B = A^B^. 
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As mentioned earlier the interaction part is ordered according to PNO. For both the 
bosonic and fermionic interactions in (12 ■4p PNO gives rise to operators without any non- 
trivial re-ordering of the modes. Given the anti-commutators below eqs. (lA.5[) . this is 
obvious for 5Tp. For 5Tb see the discussion below eqs.f lB.4p . 

The above definition can be understood to relate, in a particular way, the field in the 
space-time effective theory and the corresponding world-sheet coupling. To see that more 
explicitly let us consider an off-shell ansatz for the background where the R-R flux is still 
constant, but the metric is given by, 

ds^ = 2dx+dx- + K{x){dx+f + dx.dx , (2.6) 

where K{x) is arbitrary. This background is characterized by the Fourier transform 
^ip) = / (^2w)'i/^ K[x)e~^^'^ . According to our definition the same Fourier transform is 
used as the world-sheet coupling in 5Tb in (12.41) . i.e. 

"^^^^"^^ = / WF' Kipje^'-'^i-) ' (2-7) 

provided the exponential operator is unordered (i.e. ordered according to PNO). We could 
alternatively define the above operator according to MNO, 

"^^^("^^ = / (2^ ""'^^ ■ ^"^^^^ ■ ■ ^'-'^ 

But in that case the Fourier transform K'{p} has to be identified with the one character- 
izing the background (12.61) up to the following field redefinition, 

K'{f) = e-^^^(°)ir(p) , (2.9) 

where e is the regularization parameter and ri^'^D^{/S) is the bosonic "equal time prop- 
agator" as discussed in appendix [Bl This relation is simply obtained by equating the 
operators in and ([21]) and using e'P-^{a) = e-^^^(°) : e'P-^{a) :. 

2.2 Physical spectrum 

Given the above definition of the quantum EM tensor we will now compute the physical 
spectrum for the quadratic profile in (12. 5p and show that it reproduces the right answer. 
We will follow the method of [I2] which requires us to have a CFT formulation. Here we 
will simply assume the conformal invariance which will be established in the next section. 
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Unless stated otherwise we will mostly follow the notations of |T2]. We take the 
quadratic space-time action to be as given in eq. [2.250 where the inner product is un- 
derstood to be the hermitian inner product. The orthonormal basis states spanning the 
transverse Hilbert space T-i± are given by |{A^},p, rj) = ciCi\{N},p, rj) such that \ {N},p, rj) 
satisfies the conditions [2.21]. Here {A^} represents a set of four sets of integers, namely: 
{{NfJ,{Npj,{N^J,{N^J} such that \{N},p,r]) is proportional to: 

n (nij^-(nij^-(^^!j^-(5:!j^^""b,r^), (2.10) 

n>0,I,a 

where the momentum p^^ of the ground states \p, t]) = e*^'^" \ri) is normalized as: Hq |p, rj) = 
\p, rf) . From the linearized equation of motion one obtains the following eigenvalue 
equation: 

52|^±)=0, (2.11) 

where, 

S2 = Lo + Lo-2, |^±)=E /rfp^,,{7V}(p)IW,P,r/) . (2.12) 

The prime on the summation refers to the condition (Lq — Lq) = 0. The normal ordering 
constant in Lq and Lq has been fixed in appendix [C] which precisely cancels the ghost 
contribution of —2 in the first equation of (12.121) . Using this we get the following result 
inside TC\: 



S2 — 1S2 + sf'^ , 

5° = ^[p' + {fip+fxX + 2zfip+{SoJ:So 



n>0 

+ E 



2 2 

— (ni„a^ + n^„„n^) - + ^m(5„s5„ 



(2.13) 



where m = a' ^p^ . To diagonalize the bosonic part of Sf^ we first define the operators 
and {n 7^ 0) precisely in the same way as in ^2j by replacing m/ — m in eqs.[2.30]. 
For the fermionic part one defines f/„ and f/„ {n 7^ 0) in the following way: 

Sn = Cn\Un-i— , Sn = Cn\Un + i— ^Sf/„„) , (2.14) 

\ m J Km/ 



^Equation numbers kept in square brackets will refer to equations from [12j . 
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where Wr, 



nJl + 



and c„ 



With this definition one can estabhsh: 



{U^,U^} = {U^,U^} = 5"''5^+n,o, {^^,^n} = 0. Next we define new vacua \p,r])) such 
that (a^, a^, t/^, f/^)|p, r/)) = , > 0, and a new basis \{N},p,ri)) which can be 
obtained by replacing 11 and 5* oscillators in the expression (12. 101) by the corresponding 
a and U oscillators respectively. Expanding |\E'_l) in this new basis one gets the following 
expected result j8j: 



n>0 



(2.15) 



Such a change of basis produces c-number contributions of dJ2n>o{'^n — n) each for the 
bosonic and the fermionic parts but with opposite signs so that they cancel each other. 

We mainly followed [2] for the above derivation. However, notice that unlike the 
definition considered here, 6Tb was ordered according to MNO in that work. Had we 
done the same thing here, the bosonic part of the last line in fl2.13p would have been 
replaced by. 



y —fu' H^-H^H^-tf H^ 

/ y 2,Tl^ \ —n n ' —n n n n —n —n 



n>0 



E 



m 
A-n? 



(h^ h^ - — n^n^ 

y —n n ' —n n J 



(2.16) 



where the term in the square bracket is the operator ordered with PNO as considered 
here. But there is an additional contribution. 



y- 



(2.17) 



which can easily be recondensed aJl| dix^D^{0) § x(c")^ evaluated inside 7i^_. This additional 
negative contribution (leading to a wrong spectrum) is coming due to the fact that we 
have wrongly identified K'ip) in eq. fl2.8p (instead of K{p) in eq. fl2.7p ) with the Fourier 
transform {27i)'^^'^fi^df.df6{p) which corresponds to the quadratic profile (12.50 . This is 
precisely the reason why the (unwanted) factor Z{mj) = J2n>o ^ appeared in 

the zero-point energy in eq. [2.32]. In that case this factor is zero as Y^irnj = because 
of the simple on-shell condition in [2.3] (see also [2.14], [2.15]). However, in a more 
complicated background, such as the one considered in this paper where a fiux is turned 
on, such a contribution is not zero. 



''We will use the notation f for the definite integral /q 



Si- da 
2-!T ■ 
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3 Virasoro anomaly 
3.1 Equation of motion 

In this section we will discuss the computation of Virasoro algebra. In particular, we will 
ask how to extract, from the Virasoro anomalies, the supergravity equation of motion 
which, for the present off-shell ansatz, is simply given by, 

- ^ipK = dii^ . (3.18) 



It is only when the above equation is satisfied we would expect all the three equal time 
commutators [T(cr), T(cr')], [T{a),T{(7')] and [T {a), Tier')] to satisfy the standard ex- 
pressions for the Virasoro algebra (see for example However for a generic off-shell 
configuration each one is supposed to contain an anomaly term. Following [12] we use 
the Virasoro algebra satisfied by T*^*^)(cr) and T*^'^)(cr) to derive the following expressions 
for these anomaly terms: 

A\a,a') = A^{a,a') + [6rF{a),6rF{a')], 
A\a,cr') = A\a,a') + [6TF{cr),6TFia')], 
A{a,a') = A{a,a') + [6TF{a),6TF{a')] , (3.19) 

where we have used: [STB{cr),6TB{cr')] = (see [12]) and, 

A«((T, a') = [T(°)((t), 6T{a')] + [6T{a), T^'^\a')] + Am6T{a)6'{A) + 2mdJT{a)6{A) , 
A^(a,a') = [f^''\a),6T{a')] + [6T{a),f^''\a')]-Am6T{a)6\A)-2mdJT{a)6{A) , 
A{a,a') = [t(°)(a),5T(a')] + [5T(a),tW(a')] , (3.20) 

where A = a — a'. We will now show that the condition that all the anomaly terms in 
(13.191) be zero is same as (13.181) . We borrow the following results derived in subsection 

A^{a, a') = A\a, a') = A{a, a') = ^ {2d'5TB{a)5'{A) + dJ'6TB{a)5{A)) , (3.21) 

and 

[STF{a), STFia')] = (2df,Wa)6'{A) + d^^'d^x'im^)) , (3-22) 



^The definitions of TIT^^'') and T{T'^^^) considered here are interchanged with respect to that in [T^ 
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such that, 



{a, a') = A{a, a') = [2Eia)S'{A) + dM^)6{A)] 



(3.23) 



where. 



(3.24) 



Using d'^STs = — we conclude that vanishing of the anomaly terms implies. 




(3.25) 



where the last equation is the Fourier transform of fl3.18p . 

3.2 Ambiguity in computing Virasoro anomaly and PNO - pre- 
scription 

The operator E{a) in eq. fl3.24p receives contribution from two sources - the first term i.e. 
the bosonic contribution comes from the anomaly terms in eqsf l3.21() and the second term 
comes from the commutator [5Tp(cr), 5Tp(o"')] in the fermionic sector. As mentioned in 
appendix [HI we do the actual calculations in the regularized theory with a finite cutoff 
e and take the e ^ limit at the end. Here we will show that following this procedure 
one encounters ambiguities in computing certain contributions both in the bosonic and 
the fermionic sectors. This ambiguity originates from the fact that ordering operators 
according to MNO and PNO in the cutoff theory and then taking the e — >■ limit produces 
different answers. It turns out that the latter, which is the natural one to follow given our 
definition of the EM tensor, gives rise to the right space-time equation of motion. Below 
we will consider the two sectors separately. 

Bosonic sector 

We have shown in appendix [D] that given the expressions in fl3.20p . the bosonic anomaly 
terms take the following forms: 



C^(cr, a') - C^(a', a) , A^(a, a') = ^^(a, a') - ^^((t', a) , 
C^(a, a') - C^ia', a) + vrzx'(^)5.K(X(a))5(A) , 



(3.26) 



10 



where, 

C^{<y,<j') = [t{a),STB{a')] , C^{a,a') = [i{a),STB{a')] , (3.27) 

where t{a) and t{a) are defined in eqs.l lD.l l ) . Therefore the relevant commutators that 
we need to compute at finite e are given by: 

[:tfn^(a):,e^^^-^(a')]e = ^6,{A) {ui{a)ef-^ {a') + ef^ {a')Ui{a)) , 
[:nW(a):,e^^^-^(a')]e = /|5.(A) (n:(a)ef ^(a') + ef ^(aOlI^M) . (3.28) 

Notice that A^{a, a') and A^{a, a') in fl3.26p have anti-symmetrization in a and a'. There- 
fore because of the (5e(A) factor in eqs. (13.281) . classically these anomalies are zero in the 
e — > limit as expected. However, in the quantum theory we are supposed to first or- 
der the right hand sides of (I3.28P according to some normal ordering prescription before 
taking the limit. We will see that the final result is different if we order the operators 
according to MNO and PNO. 

Let us first consider the right moving sector. In our convention the two normal ordering 
prescriptions act in the same way in this sector and therefore there is no ambiguity. The 
result can be written as: 

Ui{a)ef^{a') + ef-'^{a')Ui{a) = {d{q, e) - d{q~\ e) + l) ef ^(a') 

+2 [n[_)(a - ^e/2)ef -^(a') + ef •^(a')nf+)(a + itjl) _ , 

(3.29) 

where the notation d{q,e) has been explained below eqs. flB.ip . The term in the square 
bracket is the ordered part and will drop out when we anti-symmetrize and take e — 
limit. To find the contribution of the first term one uses the following identity [sj^ : 

S,{A){d{q,e)-d{q-\e)) = -td'.iA) . (3.31) 

Using these results and the identity (lD.4p in fl3.26p one finally gets the result for A^{(t, a') 
in dS^H). 



^One way to derive this identity is to use ljB.4p and the result, 

S.(A)3.D.(A) . (i^) (-5^^) ^ j^^(A) . (3,30) 
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Let us now consider A^{a,a'). MNO and PNO act differently in this sector. Going 
through the similar procedure as above one gets the following expressions in the two cases, 



.L/ r\ MNO / dk ■ 



2T 



+2 J^5,(A)fc^ {n;_)(a + ze/2)ef ^(a')x'(^') + ef ■^(aOx'(s')n[+)(a - ^e/2) 



PNO 



T 

nf_)(a' + ie/2)e'!-^{a)x\s) - ef ■^(a)x^(.)nf^)(a' - ie/2)] 
dk 

— Kik) - 

2T 



;kik) 



(27r)'^/2' 

+2y|5,(A)fc^ {nf_,)(a - ze/2)ef + ep(a')x^(.')nf-)(a + ^e/2) 

-n[^)(a' - ze/2)ef - ef ■^(a)x^(.)n{_)(a' + z6/2)}] , (3.32) 

where we have already taken e — limit for some terms where it can be done unambigu- 
ously. Notice that the two expressions on the right hand sides of fl3.32p are equal at a 
finite e. This can be proved as an identity. The only difference is that we have ordered 
infinite number of terms in two different ways. This is why the overall coefficients for 
the terms kept in the round brackets differ by a sign in the two cases. However, in the 
e limit a and a' coincide and the four terms kept in the curly brackets cancel each 
other in both the cases leading to two different results which differ by a sign. Therefore 
depending on which expression we apply the e — > limit to we get the following results 
for the anomaly: 

A\a,a') ^^"^ -^[2d'5TB{a)5'{^) + djHTB{a)6{^)) , 

^{2^6TB{a)6'{A)+d^^STn{a)S{A)) . (3.33) 

Comparing the result for A^{a, a') (in (ICTll ) and (l333ll we see that for PNO A^{a, a') and 
A^{a, a') are same, but for MNO they differ by a sign. Therefore according to the first two 
equations in fl3.19p conformal invariance would require us to have [57p(cr), STplcr')] = if 
we adopt the MNO-prescription leading to a wrong space-time equation of motion. We 
will see later in this section that similar ambiguity exists in the fermionic sector and the 
MNO-prescription there will indeed dictate this result. 

Considering the third anomaly term in fl3.2ip tells us that PNO-prescription is in 
fact the natural one to consider given our definition of the EM tensor. In this case the 
analogue of the terms in the curly brackets in (13. 32^ do not cancel each other, rather it 
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gives an ordered product of ^^(11'^ — 11^) and the exponential operator. Using eqs. flA.4l) 
such operators can be written as 9o-e*^ "^(cr). It is only when we consider PNO such a 
term cancels with the second term of the last equation in (]3.26p which is already defined 
with PNC10. Because of this cancelation the final result turns out to be the one given in 
eqs.flX^. 



Fermionic sector 

Let us now turn to the fermionic sector. We will show that one encounters a similar 
ambiguity in computing the commutator in (13.221) . To see how this ambiguity arises let 
us first define, 



F(o-) = 5((t)S5((t) 



(3.34) 



such that, 5Tp 



2VttT 



xF . Since x behaves as a c-number for this computation, we 



essentially need to calculate the commutator of F{a). The way it was calculated in [5] 
(which is analogous to the method discussed in the bosonic sector above) is to first write: 



[F(a),F(aO] 



{S\a),S\a')}S\a')S''{a) - {S\a), S\a')}S\a)S\a') 



then to use the anti-commutator in ( ]A.2I) to deduce, 

[F(a), F{a')] = 6{a - a') \S^{a')S\a) - S\a)S^{a') 



(3.35) 



(3.36) 



Notice that, just like in the bosonic case, the presence of the delta function forces the 
fermions to be coincident. Therefore each of the terms in the square bracket drops out 
classically. But quantum mechanically it is only a normal ordered product that is supposed 
to vanish leaving a potential c-number contribution. One gets the following results for 
the two prescriptions at a finite e. 



MNO r I /X 

PNO ^ I /N 



: St{cy)St{a') : + : ~St{a)~S':{cy') : 



id6[{a — a') . 

(3.37) 



^"^Notice that irrespective of which normal ordering wc consider in expressions hke ()3.32p . the exponen- 
tial operators are always ordered according to PNO. This is because of the particular way the quantum 
EM tensor has been defined here. 
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These results can easily be checked by using eqs. flB.6|) and (13.301) . 



Just like in the bosonic case the equality of the two right hand sides in (13.371) is an 
algebraic identity. However, in the e — > limit each of the terms kept in the square 
brackets goes to zero as they are normal ordered coincident fermions. This leads to two 
different results: 

[Fia),Fia')] 0, 

™" id6'{A) . (3.38) 

Using the PNO-prescription and the identity (]D.4p one derives the expected result in 

(I322D. 

As mentioned earlier, the fact that we get different results following the MNO and 
PNO-prescriptions in the above method of computation actually reflects an ambiguity 
and is not an artifact of different choices of vacuum. This can be seen very easily in the 
fermionic sector by doing the calculation in an alternative method"]. In this method we 
first define the modes of F{a) as follows: 

F„ = iF{a)e-'^^ = (S^T^S^r^-n) • (3.39) 
Then a straightforward calculation shows: 

neZ 

= ^P+q,0 X! V'S'n'S'^n " ^-n-p^n+pj ■ (3.40) 



When p + q 7^ 0, the first term in the first step can be evaluated as: ^^n^^z ^n^p-\-q—n — 
^Y^nf^zi^n^ Sp+q~n} — ^- Similarly the second term also gives zero. However, when 



p + q = 0, each term gives | J2n&z ^ 00 and therefore the result is ambiguous. Since 
the result should be a c-number the best way to calculate it is to compute the vacuum 
expectation value by directly using (I3.39p . Considering the MNO-vacua \ri) as defined in 
appendix lAl it is straightforward to show that, 

{V'\[F,,F^M = -MV'\V) ■ (3.41) 
Using this one gets the result obtained in the PNO-prescription in (I3.38p . 



"'^"'^I thank R. Shankar for a useful discussion on this point. 
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4 Conclusion 



In conclusion, we have suggested an explanation of how to reconcile the observation (11. II) 
made by KY in [5] with the expectation that the right vacuum of the theory should be 
the one associated to MNO. The key point is that the fields appearing in the space- 
time effective theory are in general related to the corresponding sigma-model couplings 
through some field redefinition. For our restricted off-shell ansatz this field redefinition can 
simply be taken to be identity if the interaction term is ordered according to PNO. This 
is supported by showing that the resulting EM tensor reproduces the correct physical 
spectrum for the on-shell background. A consequence of such a definition of the EM 
tensor is that the Virasoro anomaly terms need to be ordered according to PNO before 
taking the e — > limit. This fixes certain ambiguity in computing the Virasoro anomaly 
in the present method of computation and correctly reproduces the effective equation of 
motion. We also pointed out that this prescription is not in contradiction with the fact 
that the right vacuum is the one associated to MNO. It will be interesting to understand 
the relevance of the normal ordering prescriptions for the kind of analysis done here and 
in [5] for more complicated backgrounds. 



I thank Rajesh Gopakumar, R. Shankar and Nemani V. Suryanarayana for useful 
discussion and Nathan Berkovits and Yoichi Kazama for useful communication. 

A Semi-light-cone quantization in R-R plane-wave 

Here we will review the basic steps of the relevant semi-light-cone quantization and then 
define the two normal ordering prescriptions of our interest. We will follow the same 
notations and conventions for the space-time and world-sheet indices and gamma matrices 
as in |7j. Furthermore, we take the following 5*0(8) decomposition of the 16- dimensional 



Acknowledgement 



gamma matrices: 7° = —7° = Eig, 1^ = 1^ = ^ ^ j and 7-^ = 7^= ^ 
where / = 1, ■ ■ ■ , d{= 8) and = {(y^)"^ are the real 50(8) gamma matrices. 



( 







aa 




The classical world-sheet lagrangian density C is given by. 
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+ie''''daX+ (eTdbe + eTdbe) , (a.i) 

where the complex Weyl spinor 9 is related to real Majorana-Weyl spinors 9^ (A = 1, 2) 
satisfying the kappa gauge condition ■y^9^ = in the same way as in [7j. 

The theory has constraints and after going through Dirac's procedure [S] the non- 
trivial equal time commutators (obtained from Dirac brackets) among the full set of basic 
operators are given by, 

[X^\a), P^ia')] = i6^J{a - a') , {St{a), (a')} = 2n6^^6,bS{a - a') , (A.2) 

where -P^(cr) = ^(o-)) ' ^ being the world-sheet action and the classical definition of 
S^{a) is given by, 



\ 



'"''^7-9^(.) , (A.3) 



'a' 



where tt^ = 11+ , vr^ = 11+ anq^ 



n'^ = ^l^v'^'Pu - V^d^x'' , n'^ = ^l^v^'Pu + V^d^x'^ , (a.4) 

where T = is the string tension. 

Next we define MNO and PNO. To do that we first mode expand various fields in the 
following way (we have renamed: S, ^ S): 

n n 

S» = E Sy"-" > S^i^) = E ^n^e-^"'^ , (A.5) 

n n 

such that the equal time commutators read: [11^, IIJ^] = [11^, IIJ^] = mri'^'^6m+n,o, {S^^ S'^} = 
{S*^, S^} = Sab^m+n- Then we define two sets of vacuum states \ri) and Ir])' {rj = I,a refer 
to the vector and conjugate spinor representations of the fermion zero modes respectively) 
such that they are annihilated by the following sets of operators: 

{n:: , n::}|r^) = , Vn > , {S: , , Vn > O , 

{n:: ,m^}\vy = O ,Vn > O , {5^ ,SlJ\r]y ,Vn > . (A.6) 

MNO and PNO are defined to be the oscillator normal ordering with respect to \ri) and 
It])' respectively. 



^^Our definitions of and 11^ liave been interchanged with respect to that in [12] . 
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B Regularization procedure and propagators 



Here we will discuss the regularization procedure that we adopt for our explicit compu- 
tations. Any local operator OlU'^la) ,Il^{a) , S"'{a) , S"'{a)) constructed out of the phase 
space variables is regularized by replacing the arguments by their regularized versions: 
a(n^(a), n^(a), S:{a), S:{a)) where, 

n^(a) = nf,)(a + ^e/2) + nf_)(a-^e/2) , 

n^(cr) = nf^)(a-^e/2) + nf_)(a + ze/2) , 

S:{a) = 5o" + 5f+)(a + 2e/2) + 5f„)(a-ze/2) , 

S:{a) = 4- + ^|V)(^-^6/2) + 5f_)(a + z6/2) , (B.l) 

where the subscripts (±) refer to the annihilation and creation parts according to MNO. 
For example 0, {S^ia), S\a')} {S^{a), S^^{a')} = 5"^ {d{q,e) + d{q-\e) - 1) = 27r(5'^*(5,(A) , 
where A = a — a', q = e*^ and d{q,e) = J2n>ol"^~"''' = i-^e-^ ■ Iinportant identities in- 
volving d{q,e) have been summarized in appendix A of [5]. 

To compute the equal time propagator for the bosonic fields we first mode expand: 
X'^(a) = En^^e™'". Then using = (ui - ff^^), Vn ^ we regularize the 

bosonic fields as, 

X!^{a) = X',-^^jdaWM^:^jdaW^{a), (B.2) 

where we use indefinite integrals. Finally, a straightforward computation gives the fol- 
lowing expected results, 

X^{a)X:{a') = :X^{a)X:{a') I =: X^{a)X:{a') : +r/'^^A(A) , (B.3) 

where : : and x x denote MNO and PNO respectively and the propagator ri'^'^D^{A) is 
given by, 

D,{A) = ^JdA{d{q,e)-d{q~\e)) , 

To derive the second line we expand d{q,e) in small e — iA to first show d^D^lA) = 
~2^A^^' then integrate this result. Notice that the first equality in (\B.3h indicates 
that given any classical function f{x), the corresponding unordered operator f{X{a)) is 
same as the one ordered according to PNO. 
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For the fermionic sector one finds, 



S''{a)S\a') = ■.S''{a)S\a'):+5^'{d{q,e)-l), 
S''{a)S\a') = :5"((t)S'((t') :+5"'(rf(g"\e)-l) , 

= :S'^{a)S\a'):+6'^'{d{q,e)-l) , (B.5) 



The analogue of (IB.SP in this case is given by, 

::^"(a)^^((T')x =: S''ia)S\a') : +47r2TrtAD,(A) . (B.6) 

C Normal ordering constant 

Here we will compute the normal ordering constant as shown in eqs. (12.31) which is required 
to compute the physical spectrum in subsection 12.21 The Virasoro modes are defined 
by the following mode expansions: T{a) = I]„-^ne*"°^, 7'(cr) = I]„ -f/„e"*"°". As usual, 
only the Virasoro zero modes have the normal ordering ambiguity. It is clear from the 
definition of EM tensor given in section [2] that the normal ordering constants do not 
receive any contribution from the interaction part 6T. Therefore below we will simply 
restrict ourselves to the fiat background. 

Let us consider the expression of T(°)(cr) as given in (12.31) with an arbitrary normal or- 
dering constant a instead of 1. One can then directly compute the equal time commutator 
to get the following result: 

[rW(a),r(°)(a')] = m \^^l^±^^6"\A) - (4rW(a) -4a- 1) 6\A) 

-2a.rW(a)5(A)l . (C.l) 



In terms of the modes = / T^^\a)e it corresponds to 
Therefore choosing. 



3f//2 + 2-24e 3 /I . , 

m — — \- 2a ] m 
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2 ' 



(C.2) 



(C.3) 



one recovers the Virasoro algebra in the standard form: [L^\L^^ = (m — n)L^_^_^ + 
^(m^ — m)6m+n, with c = 26. Similar results hold for the left moving sector as well. 



18 



D Proof of eqs. (13361) 



Here we will prove the results in fl3.26p . Let us first define the following operators, 



/ =: n+n- : +^9^1nn+ , t 



: n^n^ : 



/ =: n+n^ : +^dl In n+ , i = -: fl^fl^ : 



s = --(Sd^S) 
~s='-{SdJ) , 



(D.l) 



such that T^^^ = l + t + s + l and T^^^ = I + i + s + 1. Using the regularization procedure 
discussed in appendix |B] and the commutation relations below eqs.f lA.SP one derives the 
following results: 



[/(a),5r^(a')] 
[s{cr),6Ma')] 

[l{a),6rB{a')] 
[l{a),6TF{a')] 

[s{a),6rp{a')] 



2 V T 



(5((t)S^((t'))5'(A) - {d,ST.S{a))5{/\) 



-'Ria+{a')ti+{a)K{X{a'))5'{/\) , 



n+i 



2Vt ^ '\ n+((T') V V ; , 

(5(a')SS((T))y(A) - {S^dJ{a))5{/\) 



/i /TT 



2 V T 



where we have suppressed the cutoff e. Using the above results and the identity: 

0(a')5'(A) = 0(a)(5'(A) + d^O{a)5{/X) , 

one gets, 

\l{a) + s((t), 5r((T')] - (fx ^ a') = -4m6r{a)6'{A) - 27ndjr{a)6{A) 
[l{a) + s{(x), 6T{(x')] - (a ^ a') = A7Ti6T{a)6'{A) + 2mdJT{a)6{A) , 



and. 



(D.2) 



(D.3) 
(D.4) 



(D.5) 



(D.6) 



Using (ID.Sp in the first two equations in (13.201) one gets the first two equations in (13.2 
Using (ID.6P in the last equation of fl3.20p one gets the last equation in fl3.26p . 
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E Problem with PNO-vacuum 



In subsection 12 . 21 we computed the correct physical spectrum by expanding the string field 
in the transverse Hilbert space Ti^ which is a Fock space built over the MNO- vacua \p, rj). 
In the context of bosonic string theory it was shown in [12] that the spectrum contains 
negative dimensions, as expected, if we consider the PNO- vacua \p, rj)' instead. Below we 
will briefiy indicate that this is still true in the case of superstrings. 

Let us try to see what changes we need to make in the analysis in subsection 12.21 
Recall that 6T has already been ordered according to PNO. The free parts in (12. 3p can be 
reordered according to PNO. But this does not change the final expression as the difference 
between MNO and PNO ordered expressions is a c-number which cancels between the 
bosons and fermions. Therefore the operator expressions in (12.131) remain the same and 
so does the problem of diagonalizing iS|^°. Hence we arrive at the same expression as in 
(12.151) . The only difference is that now we expand the string field I^E^j.) in terms of the 
basis states \{N},p,ri)' which can be obtained by replacing — > 11^ and Stn in 
( I2.10p . Moreover the transformation (12.140 is not a Bogoliubov transformation any more 
as it does not mix up the creation and annihilation operators (as defined in PNO). The 
same is true for the bosonic counterpart as well [I2]. Therefore \p,ri)' remains a vacuum 
with respect to the new oscillators, i.e.: 

K, f/„^ U-J\p,r^y = 0. (E.l) 

Writing the left moving part of as Y.n>o — WnUn^-n is now easy to see 

that both the bosonic and fermionic parts have negative eigenvalues in the Hilbert space 
spanned by the states \{N},p,riy . 



References 

[1] M. B. Green, J. H. Schwarz and E. Witten, "SUPERSTRING THEORY. VOL. 1: 
INTRODUCTION," Cambridge, Uk: Umv. Pr. ( 1987) 469 P. ( Cambridge Mono- 
graphs On Mathematical Physics) 

[2] S. Carlip, "Heterotic String Path Integrals With The Green-Schwarz Covariant Ac- 
tion," Nucl. Phys. B 284, 365 (1987); R. E. Kallosh, "Quantization Of Green-Schwarz 



20 



Superstring," Phys. Lett. B 195, 369 (1987); G. Gilbert and D. Johnston, "EQUIVA- 
LENCE OF THE KALLOSH AND CARLIP QUANTIZATIONS OF THE GREEN- 
SCHWARZ ACTION FOR THE HETEROTIC STRING," Phys. Lett. B 205, 273 
(1988). 

[3] U. Kraemmer and A. Rebhan, "ANOMALOUS ANOMALIES IN THE CARLIP- 
KALLOSH QUANTIZATION OF THE GREEN-SCHWARZ SUPERSTRING," 
Phys. Lett. B 236, 255 (1990); F. Bastianelh, P. van Nieuwenhuizen and A. Van 
Proeyen, "Superstring anomalies in the semilight cone gauge," Phys. Lett. B 253, 67 
(1991); M. Porrati and P. van Nieuwenhuizen, "Absence of world sheet and space- 
time anomalies in the semicovariantly quantized heterotic string," Phys. Lett. B 273, 
47 (1991). 

[4] N. Berkovits and D. Z. Marchioro, "Relating the Green-Schwarz and pure spinor 
formalisms for the superstring," JHEP 0501, 018 (2005) |arXiv:hep-th70412198] . 

[5] Y. Kazama and N. Yokoi, "Superstring in the plane-wave background with RR flux 
as a conformal field theory," JHEP 0803, 057 (2008) [arXiv:0801.l56ll [hep-th]]. 

[6] M. Blau, J. M. Figueroa-O'Farrill, C. Hull and G. Papadopoulos, "A new maximally 
supersymmetric background of IIB superstring theory," JHEP 0201, 047 (2002) 
|arXiv:hep-th/01 10242] . 

[7] R. R. Metsaev, "Type IIB Green-Schwarz superstring in plane wave Ramond- 
Ramond background," Nucl. Phys. B 625, 70 (2002) |arXiv:hep-th/0 112044] ; 

[8] R. R. Metsaev and A. A. Tseytlin, "Exactly solvable model of superstring in 
plane wave Ramond-Ramond background," Phys. Rev. D 65, 126004 (2002) 
|arXiv:hep-th/0202109j . 

[9] N. Berkovits, "Conformal field theory for the superstring in a Ramond-Ramond plane 
wave background," JHEP 0204, 037 (2002) |arXiv:hep-th702 03248 1 ; N. J. Berkovits 
and J. M. Maldacena, "N = 2 super conformal description of superstring in Ramond- 
Ramond plane wave backgrounds," JHEP 0210, 059 (2002) |arXiv:hep-th7b208092|. 

[10] J. M. Maldacena and L. Maoz, "Strings on pp-waves and massive two dimensional 
field theories," JHEP 0212, 046 (2002) |arXiv:hep-th/0207284 |; J. G. Russo and 



21 



A. A. Tseytlin, "A class of exact pp-wave string models with interacting light-cone 
gauge actions," JHEP 0209, 035 (2002) [arXiv:hep-th7020811 4|; G. Bonelh, "On type 
II strings in exact superconformal non-constant RR backgrounds," JHEP 0301, 065 
(2003) [arXiv:hep-th/0301089] . 

[11] Y. Chizaki and S. Yahikozawa, "General Operator Solutions and BRST Quantiza- 
tion of Superstrings in the pp-Wave with Torsion," Prog. Theor. Phys. 118, 1127 
(2007) |arXiv:07 09.2'99l [hep-th]]. Y. Chizaki and S. Yahikozawa, "Covariant BRST 
Quantization of Closed Strings in the PP-Wave Background," Prog. Theor. Phys. 
116, 937 (2007) |arXiv: hi^/ 0608185|. 

[12] P. Mukhopadhyay, "On the Conformal Field Theories for Bosonic Strings in PP- 
Waves," larXiv:0807.0923 [hep-th]. 

[13] P. Mukhopadhyay, "Tachyon condensation and non-BPS D-branes in a Ramond- 
Ramond plane wave background," arXiv:hep-th/0611138| P. Mukhopadhyay, "A Uni- 
versality in PP- Waves," JHEP 0706, 061 (2007) [arXR^0704.0085 [hep-th]]. 

[14] C. Lovelace, "Strings In Curved Space," Phys. Lett. B 135, 75 (1984); 

[15] C. G. . Callan, E. J. Martinec, M. J. Perry and D. Friedan, "Strings In Background 
Fields," Nucl. Phys. B 262, 593 (1985). 

[16] E. S. Fradkin and A. A. Tseytlin, "Effective Field Theory From Quantized Strings," 
Phys. Lett. B 158 (1985) 316; E. S. Fradkin and A. A. Tseytlin, "Quantum String 
Theory Effective Action," Nucl. Phys. B 261 (1985) 1; A. A. Tseythn, "SIGMA 
MODEL APPROACH TO STRING THEORY," Int. J. Mod. Phys. A 4 (1989) 1257. 

[17] A. Sen, "The Heterotic String In Arbitrary Background Field," Phys. Rev. D 32, 
2102 (1985). A. Sen, "Equations Of Motion For The Heterotic String Theory From 
The Conformal Invariance Of The Sigma Model," Phys. Rev. Lett. 55, 1846 (1985). 



22 



